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ABSTRACT ARTICLE HISTORY
This article discusses regression analysis of mixed interval-censored Received 13 May 2020
failure time data. Such data frequently occur across a variety of Accepted 22 June 2020
settings, including clinical trials, epidemiologic investigations, and KEYWORDS

many other biomedical studies with a follow-up component. For Maximum likelihood
example, mixed failure times are commonly found in the two estimation; mixed
largest studies of long-term survivorship after childhood cancer, the interval-censored data;
datasets that motivated this work. However, most existing methods Proportional odds model
for failure time data consider only right-censored or only interval-

censored failure times, not the more general case where times may

be mixed. Additionally, among regression models developed for

mixed interval-censored failure times, the proportional hazards for-

mulation is generally assumed. It is well-known that the proportional

hazards model may be inappropriate in certain situations, and alter-

natives are needed to analyze mixed failure time data in such cases.

To fill this need, we develop a maximum likelihood estimation proce-

dure for the proportional odds regression model with mixed interval-

censored data. We show that the resulting estimators are consistent

and asymptotically Gaussian. An extensive simulation study is per-

formed to assess the finite-sample properties of the method, and

this investigation indicates that the proposed method works well

for many practical situations. We then apply our approach to exam-

ine the impact of age at cranial radiation therapy on risk of growth

hormone deficiency in long-term survivors of childhood cancer.

1. Introduction

Interval-censored failure time data arise when a failure time of interest is not observed
exactly but is only known to lie within an interval [12]. This type of data appears across
many different research fields, including epidemiologic investigations, medical studies, and
social science experiments. An extensive body of literature is available for the statistical
analysis of interval-censored failure time data [4,19]. However, less work has focused on

CONTACT Ryan Sun @ rsun3@mdanderson.org

© 2020 Informa UK Limited, trading as Taylor & Francis Group


http://www.tandfonline.com
https://crossmark.crossref.org/dialog/?doi=10.1080/02664763.2020.1789077&domain=pdf&date_stamp=2021-05-07
mailto:rsun3@mdanderson.org

JOURNAL OF APPLIED STATISTICS . 1497

the case of mixed interval-censored data, which occurs when a dataset consists of a mixture
of exact and interval-censored failure times.

Mixed interval-censored data occur very commonly in real-world situations, often due
to ubiquitous data challenges such as missing data or integration of multiple data resources.
For example, interval-censored outcomes arise frequently in the Childhood Cancer Sur-
vivor Study (CCSS), one of the largest datasets available for studying the late effects of
childhood cancer treatment. This ongoing multi-institutional study follows over 30,000
childhood cancer survivors and 5000 healthy siblings by distributing periodic question-
naires that ask participants whether a number of specific medical conditions have occurred.
If the condition has occurred, subjects are further asked the age of first occurrence. A single
follow-up questionnaire can contain 140 such questions querying cardiovascular, respira-
tory, hormonal, urinary, digestive, and neurological issues, among other conditions. The
time to event outcomes are more difficult to collect than the binary indicators of event
occurrence for a variety of reasons, for example, because subjects have difficulty remem-
bering exact dates. Thus some event occurrences are not paired with an event time, and
the missing event time can only be inferred to fall between the cancer diagnosis and the
time of a first follow-up or between two consecutively recorded follow-ups, resulting in
an interval-censored outcome. The rate of missingness in event time over a single 140-
item CCSS questionnaire can rise as high as 55%. Therefore, the time-to-event data from
an given outcome consists of a mixture of interval-censored event times and exact event
times.

Datasets integrated from multiple resources may also result in mixed interval-censored
data. Such an issue arises in the the St. Jude Lifetime Cohort (SJLIFE), another large sur-
vivorship study that follows a cohort of over 5,000 childhood cancer survivors who were
treated for their cancer at St. Jude Childrens Research Hospital (St. Jude). Late effects
related to cancer treatments are recorded through two different modalities in SJLIFE -
ascertained retrospectively via St. Jude medical records or identified prospectively during
SJLIFE visits. For events that are recorded in the medical records, exact event times are
available. For diseases newly detected during SJLIFE visits, the onset time is unknown but
can be inferred to fall between the last and current visits, resulting in interval-censored
data.

Mixed interval-censored data arise frequently in other biomedical studies that require
periodic follow-up, especially for chronic diseases. Depending on the monitoring schedule
and recollection of subjects, age at event onset can generally be known for some patients
and only inferred to fall within an interval for others. Additional prominent examples
include the Framingham Heart Disease Study [15], the Danish Diabetes Study [18], and
the Sudan HIV/AIDS Study[7].

Although mixed interval-censored data arise frequently in practice, there exists only
limited literature on their analysis. Huang [10] considered the nonparametric maximum
likelihood estimation (MLE) of a distribution function based on mixed interval-censored
data; Zhao et al. [24,25] developed some generalized log-rank tests for the nonparamet-
ric comparison of survival functions. For regression analysis specifically, the only existing
reports appear to be [13] and [8], which investigated the fitting of the proportional hazards
model and a parametric Cox model, respectively. It is well known that the proportional haz-
ards model may not be appropriate in some situations, and alternative regression models
for mixed interval-censored data are needed for such scenarios.
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Unlike the proportional hazards model, the proportional odds model specifies that
covariates have multiplicative effects on the odds function rather than on the hazard
function. Under the proportional odds model, the hazard ratio approaches unity as time
increases, so it is usually preferred when the covariate effects diminish over time. Another
situation in which the proportional odds model is often preferred is when there are
many ties in the data [3]. The proportional odds model has been discussed extensively
[1,11,14,17,22] for the case of right-censored or interval-censored data, but an established
approach for mixed interval-censored data does not yet exist. In this work, we develop the
MLE approach for fitting a proportional odds model to mixed interval-censored data.

The remaining sections of the article are organized as follows. In Section 2, we intro-
duce some notation and describe the proportional odds model as well as the structure
of mixed interval-censored data. In Section 3, we develop an MLE procedure for fitting
the proportional odds model to mixed interval-censored data. In particular, we show that
the resulting estimators of both regression parameters and the baseline distribution func-
tion are asymptotically consistent and Gaussian under some mild regularity conditions. In
Section 4, we present the results obtained from an extensive simulation study conducted
to assess the finite-sample performance of the proposed method. These simulations sug-
gest that the approach works well for many practical situations. In Section 6, we apply the
approach to the data arising from the SJLIFE study described above, and in Section 6 we
present a discussion and concluding remarks.

2. Notation, models, and likelihood function

Consider a failure time study that consists of n subjects. For subject 7, let T; denote the
failure time of interest, and suppose that there exists a d—dimensional vector of covariates
denoted by Z;. Also suppose that given Z;, T; follows the proportional odds model

logitFr(t|Z;) = logitFy(t) + Z;ﬂo. (1)

Here Fr(t|Z;) denotes the conditional distribution function of T given Z;, Fy denotes a
baseline distribution function, By denotes a vector of regression parameters, and logit(x) =
logx/(1 — x). Under the above model, it is easy to see that the conditional survival density
functions, given Z;, have the forms

1
St(t|lZ) =
) = 0 expZifo)
and
7!
Frtlz) = — PGP

[1 4+ Ho(t) exp(Z;o)]?

respectively. In the above, Hy(t) = Fy(t)/(1 — Fy(t)), which is assumed to be a strictly
increasing function with continuous positive derivative function ho(t) = dHp(t)/ dt.

In the following, we will assume that there exist two potential examination times for each
subject, denoted by U; and V; with U; < V;. The event time is left-censored if T; < Uj,
interval-censored if U; < T; < Vj, or right-censored if T; > V;. Also, it will be assumed
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that given Z;, T; is independent of (U, V;), and the joint distribution of (U;, V;, Z;) does
not involve By and Hy. Then the likelihood function of & = (8, H) can be written as

T expZip) N 1 "’
L@ =[] [[1 +H(T) exp(z,fﬂ)]zh(T’)] [1 T+ HU) eXP(Z?ﬂ)]

i=1

1 1 Ogi 1 ORi
8 [ I+ HU) exp(Zf) 1+ H(VY) exp(z;m} [1 FH(V) exp(z;m] ’

where 8g;, 81, 85i, and 8g; are indicator functions that take the value 1 if T; is observed
exactly, left-censored, interval-censored, or right-censored, respectively. Thus 8g; + 81; +
81 + 8ri = 1. Define H{t} = H(t) — H(t—) to be the size of the jump in H at time point ¢.
Then the log-likelihood function of 6 has the form

14©0) = Y 85 [Z}p — 2log(1 + H(T)) exp(Z|B)) + log(H{T;)]

i=1

1 1
+ d1ilog [1 14+ H(U) eXp(Zfﬂ)] + onilog [1 + H(V)) eXP(Zfﬂ)}

1 1
+ 85 log [1 +HU)exp(Zp) 1+H(V) exp(Z,/ﬂ)} '

3. Maximum likelihood estimation

In this section, we discuss the MLE of the parameter 6 based on the log-likelihood func-
tion [,(6). Let 0 = T(g) < T(1) < - -- denote the distinct ordered times among all exactly
observed T;. Following [10], note that for any finite sample size 1, Fy(t), and hence Hy(¢)
is determined in the likelihood above only at the exactly observed failure times and at the
examination times (U;, V;) fori = 1, ..., n. For subject i, define §; = 1 if the exact failure
time is available for subject i and §; = 0 otherwise. Then the log-likelihood function of 6
can be rewritten as

1h(0) = " loglSr(T()|Zi) — S1(Ta-1)1Z)] + Y _ log[Sr(UilZi) — Sr(VilZ)]
i=1 i=1

=Y log[{1 + H(Ti-1) exp(ZiB)} " — {1 + H(T(i)) exp(Z8)} ']

i=1

+ ) log[{1 + H(U) exp(Zi)} " — (1 + H(Vy) exp(Z;B)} '],
i=1

where n; = Z?:l 8;, and np, = n —ny. Let f1 < --- < t) denote the M distinct times
among all observed Tj, Uj, and Vj, and define H = (H(t1),...,H(ty)). It is apparent
that for the maximization of [,(0), one needs to focus only on the values of H at the
tm» m =1,..., M, and consider the step functions that jump only at the t,,. Also, let
(Li, R;] denote the observed interval that contains the time to event for the ith subject.
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For subject i, define wj, = 1 if (L;, R;] contains t,, and a;, = 0 otherwise. Also, define
hw = H(ty) — H(tyy—1) and yp, = log hy,. It follows that

n M
L(B,y) =) log| e+ ) (@imt1 — eim){l + H(tm) eXp(Z§/3)}_1:|
i=1

L m=1

n M m
=Y log|an+ Y (@mp1 — i1+ Y exp(yj+ ZA) |,
i=1

m=1 j=1

where y = (y1,...,¥m) . Thus one can maximize the log-likelihood function above by
using, for example, the Newton-Raphson algorithm. To maximize [,(8, y) using Newton-
Raphson, we need to calculate the first and second derivatives of [,(8, y). The detailed
formulas are provided in the Appendix.

Let So(t) denote the true baseline survival function for the failure time T. Let ﬁn
and H, denote the maximum-likelihood estimators of 8 and Hy defined above and take
Sn(t) =1/ + H, (1)), the maximum-likelihood estimator of the baseline survival func-
tion. Also let T denote the longest follow-up time and Sy (t) denote the true baseline survival
function of the Tj. The two theorems below give the asymptotic properties of B, and S,,.
Together with Lemma 1 in the Appendix, we can obtain the identifiability of the parameters
for this model and describe the following asymptotic behavior of the proposed maximum
likelihood estimator.

Theorem 3.1: Suppose that conditions C1-C5 given in the Appendix hold. Then as n — o0,
we have

En — Poas. and  sup Ign(t) —So(t)] — Oa.s.
te[0,7]

Theorem 3.2: Suppose that conditions C1-C5 given in the Appendix hold. Then as n — o0,
we have

Vn(Bn — Bo) = NO, %),  /n(Sy,—So) — W,

where ¥ denotes the asymptotic covariance matrix of B, and W denotes a zero-mean
Gaussian process.

The proof of the results given above is sketched in the Appendix. For inference about
Po, one needs to estimate X. One way to do this is to use the the Fisher information matrix
I(B, y), which appears to be reasonable based on the numerical results below.

4, Simulation

In this section, we present some results obtained from an extensive simulation study
conducted to assess the finite-sample performance of the method proposed above. We
considered a situation with one covariate Z; generated from the uniform distribution over
(0, 1). We then used model (1) to generate failure times under Case 1: Hy(t) = t and Case
2: Ho(t) = (1 + t/2)? — 1. For the observation times, we generated the first time point Oy;
from the uniform distribution over {0, 1,2, ..., t — 1} and then the second time point O,;
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Table 1. Estimation of regression parameters with case 1 forn = 200.

Proposed method exact T only Interval-censored T only Peto’s method

B p AVE SEE SSE CP AVE SEE SSE CP AVE SEE SSE (CP AVE SEE SSE CP

-1 025 —1.04 053 054 095 —1.06 0.88 085 097 —1.04 067 071 093 —1.03 053 0.54 0.95
05 —102 048 051 093 —1.02 061 062 094 —1.04 082 088 093 —1.02 048 0.51 093
075 —1.03 046 046 095 —1.02 050 049 097 —1.12 152 136 095 —1.03 046 046 0.95

—05 025 —0.52 054 055 095 —0.56 088 084 097 —0.50 0.70 0.74 0.94 —0.52 054 0.55 0.95
05 —052 049 049 095 —-053 061 060 096 —051 087 093 095 —052 049 049 0.95
0.75 —0.52 046 045 096 —052 050 048 096 —053 1.60 149 095 —0.52 046 045 0.96

0 0.25 —0.01 056 056 0.95 —0.06 0.87 083 097 0.03 075 077 094 —0.01 056 0.56 0.95
05 -0.02 050 050 096 —0.04 061 059 096 0.00 094 098 095 —0.02 050 0.50 0.96
0.75 —-0.01 046 045 096 —0.02 049 048 097 0.03 173 1.66 096 —0.01 046 045 0.96

05 025 050 059 058 095 044 087 083 097 056 081 082 095 050 058 058 0.95
0.5 049 052 051 095 047 061 060 097 054 1.01 107 09 049 051 051 0.95
075 049 047 046 095 048 050 048 096 059 180 1.83 096 049 047 046 0.95

1 025 101 062 061 096 094 088 083 097 110 089 0.88 096 1.01 0.61 0.60 0.96
0.5 1.00 053 053 096 097 062 060 096 109 112 1.16 096 1.00 0.53 0.53 0.96
075 100 048 047 095 098 050 048 097 130 357 3.87 097 099 047 047 095

from the uniform distribution over { Oy; + 1,..., 7 } with T = 10. We generate the indi-
cator §; from a Bernoulli distribution with success probability p. If §; = 1 then the exact
failure time T; is recorded. Otherwise, an interval is recorded, and if the failure time T;
is less than Oy;, then the interval is recorded as (0, Oy;]. If the failure time T; is between
O1; and Oy, then the interval is recorded as (Oy;, Oy;]. If the failure time Tj; is greater than
O,i, then the interval is recorded as (O;, 00). The results given below are based on 1000
replications with the sample size n = 200 or 400.

Table 1 shows the results of the estimation of the regression parameter Sy for Case 1
with n = 200, By = —1,—0.5,0,0.5, or 1, and p = 0.25, 0.5, or 0.75. The table includes
the average of point estimates A3, (AVE), the average of the estimated standard errors of j,,
(SEE), the sample standard deviation of Bn (SSE), and the 95% empirical coverage proba-
bility (CP). For comparison, we also obtained the estimates that would result from fitting
proportional odds model to only the observed exact failure times or only the observed
interval-censored times. This simplified alternative discards much of the data.

One can see that the proposed estimator appears to be unbiased and that the variance
estimation and normal distribution approximations are reasonable. Furthermore, the pro-
posed method is clearly more efficient than the method that makes use of only exactly
observed or only interval-censored data. The results of n = 400 for Case 1 and the results of
n = 200 and n = 400 for Case 2 are presented in Tables 2-4 and offer similar conclusions.

Another simplified approach for mixed interval-censored data is to transfer each exact
failure time to an interval-censored observation by adding a small amount of time on either
side of the observed point as proposed by Peto & Peto [16]. We also applied this approach
in the simulation study and fitted the proportional odds model to the transformed interval-
censored data. The results are included in Tables 1-4. In Figure 1, we plotted the averages
of the proposed estimates FI,, and the pointwise confidence bands for Case 2 with n = 400,
p=20.75and f = 0.5 and 1. We can see that the simplified method and the proposed
method provide similar parameter estimates, but the confidence bands of H,, are wider
when using the simplified approach, indicating an efficiency loss.
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Table 2. Estimation of regression parameters with Case 1 for n = 400.

Proposed method exact T only Interval-censored T only Peto’s method

B p AVE SEE SSE CP AVE SEE SSE CP AVE SEE SSE (CP AVE SEE SSE CP

-1 025 —-101 037 036 096 —1.00 062 062 095 —1.03 047 046 096 —1.01 037 036 0.96
05 —101 034 033 096 —1.00 043 042 095 —1.04 058 058 096 —1.01 034 033 0.96
075 —1.01 032 032 096 —101 035 035 095 —1.07 084 085 096 —1.01 032 032 0.96

—-05 025 —0.51 038 037 096 —0.50 061 061 095 —0.52 049 049 096 —051 038 037 0.96
0.5 —051 035 034 096 —050 043 042 095 —052 060 0.60 096 —050 035 0.34 0.96
0.75 —0.51 032 032 096 —051 035 035 095 —054 0.88 090 096 —0.51 032 032 0.96

0 0.25 —0.01 039 039 096 000 061 061 095 —0.02 052 052 096 —0.01 039 0.39 0.96
0.5 0.00 0.24 028 065 0.01 029 035 065 —0.02 043 053 094 000 024 028 0.65
0.75 —-0.01 032 032 096 —0.01 035 035 095 —0.03 094 098 095 —0.01 032 032 0.95

05 025 050 041 041 095 050 061 061 095 050 056 055 096 050 041 041 0.95
0.5 050 036 036 095 050 043 043 096 050 069 069 096 0.50 036 036 0.95
075 048 033 033 095 048 035 036 094 048 102 1.08 095 048 033 033 095

1 025 100 043 043 095 100 061 062 095 100 061 060 096 100 043 043 0.95
0.5 1.00 037 037 095 099 043 043 09 101 076 076 096 1.00 037 037 0.95
075 100 033 034 095 099 035 036 095 106 113 126 094 099 033 034 095

Table 3. Estimation of regression parameters with Case 2 for n = 200.

Proposed method exact T only Interval-censored T only Peto’s method

B p AVE SEE SSE CP AVE SEE SSE CP AVE SEE SSE CP AVE SEE SSE CP

-1 025 —1.03 062 0.60 097 —1.06 0.88 0.84 097 —099 087 087 095 —1.02 062 060 0.97
0.50 —1.03 054 0.52 097 —1.03 062 060 096 —1.02 112 108 095 —1.03 054 052 0.96
0.75 —1.03 049 046 096 —1.03 050 049 096 —1.01 177 170 094 —1.03 049 046 0.96

—-05 025 —052 062 0.61 097 —056 0.87 083 097 —049 091 090 096 —052 062 0.60 0.97
0.50 —0.53 0.53 052 096 —0.53 061 060 096 —0.53 120 1.13 097 —0.53 0.53 0.52 0.96
0.75 —0.52 048 046 096 —052 050 048 096 —0.51 203 202 095 —0.52 047 046 0.96

0 025 0.00 0.64 062 096 —0.06 087 083 097 006 097 097 096 0.00 063 0.62 0.96
0.50 —0.02 0.54 053 096 —0.03 061 059 096 005 126 123 097 —0.01 0.54 0.53 0.96
0.75 —0.01 047 047 096 —0.02 049 048 097 0.09 213 284 093 —0.01 047 047 0.96

05 025 050 066 064 097 044 087 083 097 059 1.07 1.07 09 050 0.66 0.64 0.96
050 049 055 054 096 047 061 059 097 057 140 138 097 049 055 054 096
075 049 048 047 096 048 050 048 096 069 243 370 093 049 048 047 0.96

1 025 1.01 071 068 097 094 088 083 097 113 119 124 097 101 070 0.68 0.97
050 1.00 057 056 096 097 062 060 097 110 156 159 096 1.00 0.57 0.56 0.96
075 1.00 049 048 09 098 050 048 096 195 3.18 1171 092 1.00 049 048 0.96

5. Application to SJLIFE

We applied the proposed method to a subset of the data from the SJLIFE study. One of the
primary objectives of the SJLIFE study is to evaluate endocrine-related late effects such as
growth hormone deficiency (GHD) in patients with brain irradiation. GHD is associated
with neuropsychiatric cognitive, cardiovascular, neuromuscular, metabolic, and skeletal
abnormalities, and it may increase the risk of premature death. In addition, GHD is the
hormone deficiency most likely to go undiagnosed. To obtain information about each par-
ticipant’s GHD, researchers extracted the histories of pituitary deficiencies from subjects’
medical records if available. For those who had no medical record of GHD occurrence, a
fasting blood sample was collected at the time of the SJLIFE evaluation to investigate the
presence of pituitary deficiency. More details on the study can be found in [2].
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Table 4. Estimation of regression parameters with Case 2 for n = 400.

Proposed method exact T only Interval-censored T only Peto’s method
B p AVE SEE SSE CP AVE SEE SSE CP AVE SEE SSE CP AVE SEE SSE CP
-1 025 —1.02 042 042 09 —1.00 061 062 096 —1.04 058 057 096 —1.02 042 042 0.96
05 —1.02 037 036 096 —1.00 043 042 095 —1.06 0.72 0.72 096 —1.01 037 036 0.96
0.75 —1.02 034 033 096 —1.01 035 035 095 —1.13 1.11 1.09 094 —1.02 033 033 0.96
—0.5 025 —051 043 043 095 —050 0.61 061 095 —0.52 061 062 095 —0.51 043 043 0.95
05 —051 037 037 095 —050 043 042 095 —053 076 0.77 095 —0.51 037 037 0.96
0.75 —0.51 033 033 096 —051 035 035 095 —0.58 1.16 1.20 095 —0.51 033 033 0.96
0 0.25 —0.01 044 045 095 0.00 061 061 095 —0.01 065 066 096 —0.01 044 044 0.95
05 —0.01 038 038 095 000 043 042 096 —0.02 082 083 096 —0.01 044 044 0.95
0.75 —0.01 033 034 095 —0.01 035 035 095 —0.05 125 133 095 —0.01 044 044 0.95
0.5 025 049 046 047 096 050 061 061 095 050 071 072 095 049 046 047 0.96
0.5 049 038 038 095 050 043 043 096 050 089 091 096 049 038 038 0.96
075 049 034 034 095 049 035 035 095 053 138 155 095 049 034 034 095
1 025 101 048 049 096 099 061 062 095 1.03 079 082 096 100 048 049 0.96
0.5 1.00 040 039 096 099 043 043 095 1.04 1.02 1.03 09 1.00 039 039 0.96
075 100 034 035 095 099 035 036 095 1.15 153 189 093 1.00 034 034 0.95
B=0.5 p=1
T T T T T T T T T T T T T T T ~
True
= = = proposed H(t) 7 - f— .T::ecse /
70 = = « proposed Gl 1 70 . ;D::cse: :;“m I/ 4
= == = proposed Cly, // = == = proposed CIL 4
— — Peto Hy(t) ! oM ) v /
60 — — Peto Gl / b 60 — P )
— — PetoCl, /  Pao u: J

Ho)

Figure 1. Estimates of the baseline function Ho(t) = (1 + t/2)2 — 1.

In our work, we focused on a subgroup of participants who were younger than 10 years
old when they received cranial radiation therapy (CRT), as this population was found to
be at high-risk of GHD [2]. Our objective was to further investigate whether the risk of the
first occurrence of GHD depended on the age at CRT, i.e. whether the risk of GHD was
higher in the childhood cancer survivors who received CRT before 5 years old compared
to those survivors who received CRT when they were at least 5 years old. In total there
are 524 participants in the subgroup, and 269 experienced GHD. Among those with GHD,
113 (42%) had GHD diagnoses in their medical record and hence provided an exact failure
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—NPMLE: CRT at 0-5 years
——NPMLE: CRT at 5-10 years
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Time to the First Occurrence of GHD in Years

Figure 2. Estimates of the baseline survival function So(t).

time. One hundred and fifty-six (58%) survivors had GHD identified at SJLIFE evaluations,
and so the onset time was only known to fall in an interval between two St. Jude visits. For
the analysis, we defined Z; = 0 if the participant received CRT before 5 years old (n=301)
and Z; = 1 (n=223) otherwise. The application of the proposed method produced a f,, of
—0.504 with the estimated standard error of 0.172. This corresponds to a p-value of 0.0033
for testing no difference in the risks of the first occurrence of GHD between the two age
groups. GHD appears to occur significantly less in the survivors who received CRT at an
older age. For comparison, using only the interval-censored data produced an estimate of
—0.473 (standard error 0.216), using only the exact failure time data produced an esti-
mate of —0.553 (0.232), and treating exact failure times as interval-censored observations
produced an estimate of —0.502 (0.194). All estimated standard errors with alternative
approaches were larger than the estimated standard error using the proposed method.

Figure 2 presents the estimated survival functions S, given by the proposed method for
the two age groups. We obtained the nonparametric estimates of the two survival functions
given by [10] as well. These results suggest that the proportional odds model provides a
good fit, as the proposed and nonparametric estimates are close to each other.

6. Discussion and concluding remarks

In this paper, we discussed the regression analysis of mixed interval-censored data arising
from the proportional odds model. As detailed previously, such data arise quite frequently
in medical studies with a follow-up component. We developed a maximum likelihood esti-
mation approach and established both the finite-sample and asymptotic properties of the
resulting estimators. The numerical results suggest that the proposed method works well
for practical situations and better than some simplified alternatives. We also applied the
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method to analyze the impact of age at CRT treatment on GHD risk in childhood cancer
survivors. Code for implementation of the ideas or the simulation is available upon request.

Future research on this problem can go in several directions. First, note that for each
subject, it was assumed that there exists two random observation time points. Such data
are often referred to as Case-2 interval-censored data [19]. A more general situation cor-
responding to this is the so-called case-K interval-censored data, where there exists K
observation points or a sequence of observation time points. It would be useful to gener-
alize the proposed method to case-K interval-censored data. In addition, the focus of this
paper is the proportional odds model. Sometimes neither the proportional odds model
or the proportional hazards model fits the data well; thus, one may consider other mod-
els, such as the additive hazards model or linear transformation model. Model checking is
another possible direction for future research.
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Appendix

A.1

Appendix 1. The first and second derivatives of I, (8, ).

To maximize ,(B,y), we need to calculate the first and second derivatives of I,,(8, y). For this,

following [6], let by, = > 7

im1 exp(y; + Z;p) and

M
wi =it + Y (i1 — @im) (14 i) "

m=1

Then we have

al,
Up(Bry) = (’3 7 _ Zw—lvﬁl,

and
(B, v) =
Uy By = “5B0 = 5 ity
ym i=1
where
M
Voi=2i ) (@ims1 = i) bim (1+ bim) %,
m=1
and

M
Vi = O (@is1 = ois) exp(Vm + ZiB) (1 + bim) ™.

s=m
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Furthermore, one can determine that

Dgs(B )=w=_i(W72V Ve —wTly )
/313 ’y 8ﬂaﬂ/ P 1 /3)1 ﬁ,l 1 /3/3 >
azln(ﬂ’ V) . 2
D y) = — il 2y, .V, —wily ,
b (Bo7) = =355 ;wl iV, i —w Ve
and
3*1u(B,y) S , .
D (BY) = — = — SV, VD —w VL, ),
YmVm (ﬁ )/) a)/ma)/m’ Z;(Wt Ymol Yy ii Wi Vme)
where
M
Vg =ZiZi Y (ims1 — im) bim (bim — 1) (1 + bim) >,
m=1
M
Voyw =Zi Y (ist1 — atic) exp(ym + ZiB) (bis — 1) (1 + b)) >,
s=m
M
VeV = Z(“ierl — ais) (1 = bis) (1 +big) > exp(ym + Zif), form =mn,

s=m

and
M
Vyvy = 2€Xp(Vm + ZiPB) exp(yVm + ZiP) Z(aierl — i) (L+ b))%, form#m'.
s=m

A.2 Appendix 2. Proofs of Theorems 3.1 and 3.2

In this section, we will sketch the proofs of Theorems 3.1 and 3.2. Here we need the following
regularity conditions:

ClL

C2.

C3.

C4.
C5.

Let Bbe abounded closed subset of R and S a compact set. Suppose that the true value (o, So)
is an interior point of (B x S).

Let ny, ny, n3 and ny denote the number of subjects who have exactly observed, left-censored,
interval-censored, or right-censored observations, respectively. Suppose that

4
n
lim —k:ak>0 and Zakzl.

n—o00 7
k=1

(3a.) Suppose that there exist 0 < 19 < 77 < oo such that P[tp < U<V <7 ]=1and0 <
Hy(t9) < Hp(t1) < 00. (3b.) Suppose that there exists a positive number 7g such that P(V —
U=mno) =1

The covariate Z is uniformly bounded, that is, there exists zp > 0 such that P(||Z]| < zp) = 1.
Ifg(U, V) 4+ Z'8 = 0 almost surely for some deterministic function g and vector 8, theng = 0
and 8 = 0.

Note that Conditions C1, C3 and C4 are very commonly assumed in the interval-censored data
literature. Condition C2 is not too strict because the fraction of subjects in each category data is
usually positive if we are in the mixed data setting. Condition C5 is needed for the identifiability of
the proportional odds model and the covariate Z. To prove the asymptotic properties, let Pg(X) =
f g(x)dF(x) and P,g(X) = n~! > i1 §(X)) for any random variable X with distribution function F
and function g.
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Let the log-likelihood function of one sample be denoted as

10) = 8 [Z'B — 2log(1 + H(T) exp(Z'B)) + log(H{T})]

1 1
*oulos [1 RN exp(z’ﬁ)] Fonlos [1 +H(V) eXP(Z’f’)]

1 1
+ cSIlog[l FH(U) exp(Z'B) 1+ H(V) eXp(Z/,B)] ‘

Then we have the following lemma.
Lemma A.1: IfI(0) = I(6y) a.s., then 6 = 6y, where 6 = (B,H) € ©.

Proof: Since 8g + 81 + 8r + 81 = 1, we only prove the result when either of the four indicators
holds true. If g = 1, then forany t < 7,

/t exp(Z'B) dH(s) /t exp(Z'Bo)
_— S) =

o 1+ H(s)exp(Z'B) o 1+ Ho(s) exp(Z'Bo)
and thus log H(t)/Ho(t) = Z'(B — o) a.s. and thus 6 = 6 derived from condition C5.

Similar techniques can be applied to get the same result when 6g = 1, or 61 = 1 or 6; = 1. This
completes the proof. |

dHy(s),

Proof of Theorem 3.1: The proof is adapted from [9,13,20]. First we'll show that F1,{t} cannot be
00. Otherwise, if H,{T;} = oo, then the ith log-likelihood function

< 0(1) — log(H,(T;)) — —oc.

Then we show that sup,, H,(1) < 00. Set Oy = (,3n,HZ), where H = I:I,,/én,én = H, (7). Then

n

1 A 1
;(ln(en) - ln(e;,k)) = ; Z {aEi[_ZIOg(l + SnHZ(Ti) eXP(Zgﬁ)) + log(En)]

i=1
+ 28gilog(1 + H;(T;) exp(Z;B))
+ 8rilogl(1 + & Hyy (U exp(ZiB) ™" — (1 + &Hyy (Vi) exp(ZiB)) ']
— dlog[(1 + Hyy(Up) exp(Z;8)) ™" — (14 Hy (Vi) exp(ZiB)) ]
+ rillog(1 + &,H; (Vi) exp(ZiB)) " — log(1 + Hy; (Vi) exp(ZiB)) ']

EaHy (U exp(Zip) | - Hi(Ui) exp(Z;p) ]}
1+ &,H (U exp(Zf) 81+ HA(Up exp(Zi)

+4Li [108
1 1 o
= ~logtn, ) 3w =20 Sulog(e, ! + Hi(T) exp(Zi)
1 & ) )
+ 2; Z Sgilog(1 + HZ(Ti) eXP(Zng))
i=1

1 n
+— D 8iilogl(1 + & H; (U exp(ZiB) ™ — (1 + &uH, (Vi) exp(ZiB) ']
i=1

1 n
= — D Sulogl(1+ H(Un exp(Zi) ™" — (1 + Hy(Vi) exp(Zi) ']

i=1
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1 n
+- Z Srillog(1 + &, Hyy (Vi) exp(ZiB)) ™" — log(1 + H;; (Vi) exp(Zi)) ']
i=1

ey ‘[10 EHL(UDep(Zip) | Hy(U) exp(Z}p) }
" Li g1+§-‘nH;§(Ui)eXP(Zfﬂ) gl—i—H;,*(Ui)exP(Z,{,B) '

It is obvious that the last six terms are uniformly upper bounded because H;: is uniformly bounded
by 1 for sufficiently large n. Therefore, if £, — 00, then, (én) —1,(6))) — —ooasntends to infinity.
This means that for sufficiently large n, I, @) — 1, (0;) < 0 with high probability, which contradicts
the fact that [,, (én) —1,(6)) = 0 because én maximizes [,,(0).

Now we show the consistency. Let (/§n, ﬁn) be the MLE of (By, Hy) based on the observed data,
and let (Bn, H,) be the MLE of (Bo, Ho) based on the exact data and right-censored data, respectively.
Define S‘n =1/(1+ H,),and S, = 1/(1 + H,). Let x = (81, 81, u, v, z) and write

) = p(5s B Su)s Px) = p(x; Bus Su)s

where p(x; 8,5) = {1 — S(u|2)}*1{S(u|z) — S(v|2)}*" with S(-|z) = 1/(1 4+ He?#), and H = (1 —
S)/S.

Let E be the expectation given §g = §g = 0 under (Bo, So). For any (8, S) # (Bo, So), by condi-
tion(5) and Jensen’s inequality, for every « € (0, 1),

P(X;B8,9) ”
Elo 1+a{7—1 <0, (A1)
& [ Po(X)
where po(X) = p(X; Bo, So). Note that p(x) — po(x) for almost all x = (81, 81, u, v, z) by the consis-
tency of (By, Sp). See [14]. For an open ball A/ around (B, S), define

P N)Y= sup pp.S).
(B.8)eN

Then for a sequence of open balls NV, with radius € shrinking to (8,S) ase — 0, we have p(x; N;) —
p(x; B,8S). By (3), for € sufficiently small and N} = n; + n; sufficiently large, there existsa e > 0 so

that y
E10g|:l+a{17(;)g/€)—l}j|/\né<0. (A2)

From the definition of (én, §n) and (0~N1 R SNI ), after simple algebra, we have
N N
[ 16 = [ [,
j=1 =1
where N, = n — Nj. By the concavity of the function u — log u, this implies
N2 A
Zlog[1+a{{)(x]) —1” > 0. (A3)
P p(x)
For any open neighborhood NV of the true value (8o, So), its complement in B x S is a closed subset

of a compact set, hence also compact. The open cover {N(g,s), (B, S) ¢ No} of this complement has

a finite subcover {N(g, 5,)> - - > N (g5 - If (B, Sy is not in N, it must be in one of the subcovers,
in which case p(x; Mﬂk,sk)) > p(x) for every x. Thus by (5),

Ny ~
1 P Nigys0) ”
—Y o 1+a{7~ — 1| Aneusy = 0
N; ’ [ pX)) 15

{(BaS) ¢ Noy c U
k=1

m

The probability of each of the sets in the union is the probability that an average of uniformly
bounded and independent random variables is nonnegative. However these random variables have
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negative expectation by (4). By Hoeffding’s inequality , each of the probabilities is of order e =<2 |

where € can be chosen equal to 2% /(M — log(1 — @))2. Here M = max(1g,.s;,), 1 < k < m),and p
is any negative number that the expectation in (4) is less than p, say N; > N, where N is a sufficiently
large integer. Consequently,

[ee]

>~ sup P((Bus Su) ¢ No) < 00

N2=1 NIZN

By a minor modification of the Borel-Cantelli lemma and condition(2), it follows that, with probabil-
ity 1, (B4, S») € N eventually. By the definition of our product topology, this implies that 8, — By
a.s., and S, converges to Sy almost surely under P(g, s,), namely

lim sup |S,(t) — So(t)] =0

"% telor)
almost surely. This implies, by the fact that S = 1/(1 + H),

lim sup |H,(t) — Ho(t)| =0

>0 tel0,7]

almost surely. This completes the proof. |

Proof of Theorem 3.2: The proof is adapted from [5]. We check the conditions of theorem 3.3.1 of
[21]. Define a random map, ¥, as

>

a=0

YObgl = f (,3+ab,H+a/gdH>>

where f is the logarithm of the likelihood function of 6 = (B,H) based on one sample
(T,Z,U,V,68E,8r, 8L, 1), specifically,

f0) =f(B,H) =8 [Z'B — 2log(1 + H(T) exp(Z'B)) + log(H{T})]

1
+drlog [1 THV) exp(Z’,B):| +dlog [1 T 1+ H®U) exp(Z’,B):I
+51 [ ! !
"RV HU) exp(@B) 1+ H(V) exp(Z’m] '

—H(D)expZ p)1Zb 2y gdHoepZp) o
1 + H(T) exp(Z'B) 1+ H(T) exp(Z'B)

Y O)bgl = 55 [ L

fO gdH eXp(Z/ﬂ) + H(V) eXp(Z/,B)Z’
1+ H(V)exp(Z'B)

s [ gdH exp(Z'B) + H(U) exp(Z' B)Z'b
"1 HU) exp(Z/B)(1 + H(U) exp(Z'B))

N { (1 - HU)H(V) exp(2Z'B)1Z'b
(1+ H(U) exp(Z'B))(1 + H(V) exp(Z'B))

A+ HWV)exp(ZB)) Jy ¢dH
(H(V) —HU))(1 + H(U) exp(Z'B))

1+ HU) exp(Z'B)) Jf ¢dH }

(H(V) — HU))(1 + H(V) exp(Z'B))
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Let W,,(6)[b,g] = P,y (0)[b,g] and W (0)[b,g] = Py (0)[b,g]. It is easy to prove that ¥ (6)[b, g] is
Lipschitz in 6. Following lemma 7.1 of [9], one can prove that

{w@[b.gl: bl =1, g € G, 1B = Boll2+ IIH — Holl2 < 8}

is Py Donsker for some § > 0 and

sup  Po(y(0)[b,g] — ¥ (Bo)[b,g])*> — 0 asf — 6.
lbli<1,geg
Hence, condition(3.3.2) of theorem 3.3.1 of [21] is satisfied.
Now we prove that W (6p) is continuously invertable. Following the proof of Theorem 2 in [23],
we only need to prove that, if ¥ (6p)[b, g] = 0 almost surely, then b = 0, g = 0. By letting 6 = 1,
we obtain that

[1— Ho(T) exp(Z o)) Z'b 2 [y gdHo(T) exp(Z'Bo)

T) =0.
1 4+ Ho(T) exp(Z'Bo) 1 4+ Ho(T) exp(Z'Bo) +&M
Let € = Ho(T) exp(Z'Bo),a = exp(—Z'Bo), g = gHo_l, then we have
T /
1— eZ,h B Zfo g(t) dHy(t) exp(Z’ Bo) g(T) = 0.

1+e 1+e
Thus,
(1—e)Zb— 2/6 g(sa)ds+ g(ea)(1+¢€) =0.
By taking the second derivative with respeit to €, we get
a*¢’(ea)(1+¢) =0,

hence g (ea) = 0. Let g(x) = c1x + ¢2, we have
€
(1—e)Zb— 2/ (c1sa + ) ds + (crae + c2)(1 +¢€) =0,
0

namely
(1 —€)Z'b— cye + crae + ¢, = 0.
Thus
—Zb—cy+ca=0
Z'b+c; =0.
Consequently, b = 0,¢; = 0, and ¢; = 0, which means b = 0, g = 0. When 6g = 1, we obtain
1 v
"I+ Ho(V) exp(Z Bo)] [/0 g dHo exp(Z'Bo) 4+ Ho(V) eXP(Z'ﬂo)Z'b] =0.

Thus Ho_l(V) /ngng + Z'b = 0. It then follows from condition 5 that b = 0 and g = 0. When
8 = 1, we have

U
/0 gdHy exp(Z'Bo) + Ho(U) exp(Z'Bo)Z'b = 0.

Thus Hy ' (U) fOUgdHO + Z'b = 0. From condition 5, we get b = 0 and g = 0. Finally, when é; = 1,
we have

[Ho(U) + Ho(U)HG (V) exp(2Z' Bo) — Ho(V) — Ho(V)H3 (U) exp(2Z'Bo) ] Z'b

U \4
+ (1 + Hp(V) eXp(Z’,BO))zf gdHy — (1 + Ho(U) exp(Z’ﬂo))Z/ gdHy = 0.
0 0



1512 L. ZHUET AL.

By taking the derivative with respect to U and V successively, we obtain that
(2Ho (V) exp(Z' o) — Ho(U) exp(Z' ) Z'b + g(U)[1 + Ho(V) exp(Z'Bo)]
—g(V)[1 + Ho(U) exp(Z'Bo)] = 0.
By the symmetry of U and V, we also have
(2Ho(U) exp(Z' o) — Ho(V) exp(Z' ) Z'b + g(V)[1 + Ho(U) exp(Z' )]
— g(U)[1 4 Ho(V) exp(Z'Bo)] = 0.

Then it is easy to see that
[Ho(U) + Ho(V)]1Z'b = 0,
thus b = 0. Therefore,

U v
(1+ Ho(V) exp(Z o))’ / g dHy — (1+ Ho(U) exp(Z' o))’ f gdHy = 0.
0 0
By taking the derivative with respect to U and V successively, we have

[g(U)Ho(V) — g(V)Ho(U)] exp(Z'Bo) + g(U) — g(V) =0,

which implies that g = 0.
By similar arguments to [11], one can show that W,, (én) [b,g] = op(n’l/z) and thus the fourth
condition is satisfied since W (6p)[b, g] = 0. This completes the proof. [ |
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